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Abstract
We discuss the vacuum energy density and the cosmological constant of the dS5
brane world with a dilaton eld. It is shown that a stable AdS4 brane can be constructed
and gravity localization can be realized. An explicit relation between the cosmological
constants of dS5 spacetime and AdS4 brane is obtained. The discrete mass spectrum in
the AdS4 brane is used to acquire the brane vacuum energy density. The cosmological
constant in the brane world gotten by this method is in agreement with astronomical
observations.







In recent years, the old idea that placing our world on a domain wall in a higher-
dimensional bulk space has been used to explain the hierarchy between the Planck
scale and the electro-weak scale in the four-dimensional eective eld theory [1-3].
Following the novel idea of brane world and extra dimension, physicists have made
important progress on the localization of higher-dimensional gravity [4-7], cosmology [8,
9], dynamics of brane [10] and the hierarchy problem.
In the original Randall-Sundrum model, a flat 3-brane perpendicular to the fth
coordinate of the AdS5 spacetime was embedded. All matter and interactions except
gravity are conned to the Minkowski brane. Soon, the generalization of an AdS, flat
or dS brane in the AdS bulk [11], and of a flat or dS brane in the dS bulk were studied
carefully [12]. The localization of gravity in these models has also been discussed [13].
For the investigation of the brane world cosmology, the radion eld was introduced to
stabilize the distance of branes [14, 15]. In some cases, the dilaton eld was also needed
to get more predictions on cosmology [11,16-18].
The recent astronomical observations on type-Ia supernova [19, 20] and CMB [21]
anisotropy give more believable answers to several long-existing problems, such as the
cosmological constant, the flatness of the space and the existence of inflation [22-27].
However, the vacuum energy density calculated by quantum eld theory is much more
larger than the possible observed value [28, 29]. Various attempts have been made
in trying to solve the cosmological constant problem. Up to now, there still hasn’t a
theory that can give a cosmological constant whose order is the same as that of the
observed value. What is more puzzled, from the theoretical point of view, is that why
the observed vacuum energy density is such a tiny value but not zero [19-21,23-25].
In this paper, we discuss the vacuum energy density and the cosmological constant
of the dS5 brane world with dilaton eld in a specially selected background metric. It is
found that there is not an AdS4 brane solution in a dS5 bulk without other elds. And
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there is also not an AdS4 brane structure by just introducing a dilaton eld in the dS5
bulk [11, 16, 18]. It is shown that both the dilaton eld and the special background
metric are necessary to get a stable AdS4 brane in the dS5 brane world. We study
the localization of gravity by expanding the traceless transverse component of the
perturbation of gravity in terms of the mass eigenstates of scalar eld in the brane. An
explicit relation between the cosmological constants of dS5 spacetime and AdS4 brane
is obtained. We solve exactly the equations of motion of the massive scalar elds in
the AdS4 brane. The discrete mass spectrum in the AdS4 brane is used to acquire the
vacuum energy density. The cosmological constant in the brane world gotten by this
method is in the same order with that of the observed value.
The paper is organized as follows. In section 2, we present the general framework
of the dS brane world with dilaton eld. Equations of motion for the gravity and
dilaton eld are derived. Section 3 is devoted to nding a stable AdS4 brane solution
of the dS brane world. The matching conditions on two sides of the brane give a useful
relation between the cosmological constants of the spacetime and brane. In section 4,
localization of gravity is discussed by expanding the traceless transverse component of
the fluctuation of gravity in terms of the mass eigenstates in the brane. We demonstrate
that the deviation of classical gravity from the Newton’s law in the brane is too small
to be observed. In section 5, we calculate the vacuum energy density on the brane
by making use of exact solutions of massive scalar elds. The obtained cosmological
constant in the brane world is in agreement with astronomical observations. In section
6, we give conclusion and some remarks.
2 Basic Set-up and the Equations of Motion
We consider a dS5 spacetime with an AdS4 brane embedding at y = 0. It is assumed















where  (> 0) and M are the bulk cosmological constant and ve dimensional funda-
mental scale, respectively. Following Randall and Sundrum, we suppose the metric on
the brane world is as follows
ds2 = e2A(y)gdx
dx + dy2 ; (2)

















Here  (< 0) is the curvature of the AdS brane.
























where 0 denotes derivative with respect to y. It is obvious that one can not nd a
nontrivial solution of the above equations. Thus, we know there doesn’t exist an AdS4
brane structure in this dS5 spacetime with only gravity living in the bulk.
To obtain a stable AdS4 brane solution, we add a dilaton eld in the dS5 spacetime.











We suppose the spacetime metric as follows
ds2 = e2A(y)gdx
dx + e2B(y)dy2 ; (7)
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where B(y) is only a function of the fth coordinate and g takes the same form as
equation (3).







− 2bp−gV (y)eb = 0 : (8)

















p−gV ebgmn(y) = 0 :
(9)
By making use of the ansatz for the metric (7), we can transform the equations of








00e−2B − 2aea − 2bV (y)eb = 0 ; (10)
−3e−2A+2B + 6(A0)2 − 3A0B0 + 3A00 + 2
3
(0)2 + ea+2B + V eb(y) = 0 ; (11)





(0)2 + ea+2B = 0 : (12)








00e−2B − 2aea = 0 ; (13)
−3e−2A+2B + 6(A0)2 − 3A0B0 + 3A00 + 2
3
(0)2 + ea+2B = 0 ; (14)





(0)2 + ea+2B = 0 : (15)
3 Solution and Cosmological Constants
To get an analytic solution of equations of motion (13), (14) and (15), we assume that
the following relations are satised by elds in the system
A =  ; B =  ; a = −2 : (16)








00 + 4 = 0 : (17)
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It is easy to solve the above equation for the dilaton eld (y). In the case of  < 1
4
,




−D tanh [(1− 4)D(y + d1)] ; for y > 0










1− 4 ln fcosh [(1− 4)D(y + d1)]g+ f1 ; for y > 0
− 1
1− 4 ln fcosh [(1− 4)D(y + d2)]g+ f2 ; for y < 0
; (19)
where d1; d2; f1 and f2 are constants which will be determined by self-tuning.
Imposing the discontinuity of 0(y) at y = 0 on (10) and (11), we get the matching
conditions as
0(0+)− 0(0−) = 3
4
bV ; (20)




b = − 4
9
: (22)
The continuity of (0)2 and the discontinuity of 0(y) at y = 0 give that
0(0+) = −0(0−) : (23)
From equations (23) and (19), one can obtain
d1 = −d2  d : (24)





∣∣∣∣1 + F1− F
∣∣∣∣ ; (25)






Furthermore, it is obvious that f1 and f2 can be determined by (0
+) = (0−) = 0,


















Figure 1: The behavior of the function K1 (unit of the transverse axis is 1024 and of
the vertical axis is 10−51).























(0)2 +  = 0 : (28)
The values of 0(0)2 and (0) as well as the equation (28) give an explicit relation
between the bulk cosmological constant  and the brane cosmological constant ,





V 2 : (29)
At this stage, we can say that it is really possible to get an AdS brane structure in
dS spacetime by self-tuning the parameters. We show in the following by a numerical
method that (27) and (28) are satised when the cosmological constant , factor 
and the tension V in the brane take some specially selected values. For the purpose,
one can introduce functions K1 and K2 as follows





















(0)2 +  : (31)
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Figure 2: The behavior of the function K2 (unit of the transverse axis is 1020 and of
the vertical axis is 10−55).
We take the values of the parameters , , V and d as
 = −4:87 10−52m−2;  = 0:249; V = 2:99 10−25; d = 4:94 1027m: (32)
In gure 1 and gure 2 ,we show plots of the K1 and K2 as functions of y. We see
clearly that functions K1 and K2 are almost zero in the whole area of jyj < 1p

. We
note that functions K1 and K2 deviate from zero very fast when jyj ! d. Possible
reason of the fact is that the radius of the 5 dimensional dS spacetime, cosmological







So jyj ! d is out of the dS spacetime of physical meaning.
4 Localization of Gravity
To study the localization of gravity of AdS4 brane in dS5 bulk with dilaton eld, we
rewrite the spacetime metric as follows
















Consider the perturbed metric hij in the form[7]
ds2 = e2A(y)
[
−dt2 + γi(t)2(ij + hij(xi))dxidxj
]
+ e2B(y)dy2 : (36)
We are interested in the localization of the traceless transverse component of hij,
which corresponds with the graviton of the perturbation in the brane. It satises
Dih
ij = 0 and hii = 0. Here Di denotes the covariant dierential with respect to the
space metric γ2i (t)ij. The traceless transverse component of hij is denoted by h for








= 0 : (37)
It should be noticed that this is equivalent to the equation of motion of a 5-d free
scalar eld. In our framework, the gravitation is the simple diagonal conditions and





) Ψ(m; y) ; (38)
where  m(x








= m2 m(t; ~x) : (39)
It is not dicult to obtain the equation for Ψ(m; y) from (37) and (39)
Ψ00 + (−B0 + 4A0)Ψ0 +m2e2B−2AΨ = 0 : (40)
It is convenient to introduce a transformation Ψ(y) = e−
3
2
B(z) and b  dz
dy
=
e(1−)B . Thus, we can rewrite the equation for (m; y) as
[−@2z + V (z)](z) = m2(z) ; (41)
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) is the normalization constant. The potential (43) is a Volcano type.
The perturbation of gravity with Volcano potential has been studied extensively[7, 31,
32].Therefore, we can say that the gravity of the dS5 brane world with dilaton eld in a
specially selected background metric is well localized. That is to say that the deviation
of the classical gravitation from the Newton’s law in the brane can be omitted.
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Figure 4: The behavior of the coordinate transformation dz
dy
(unit of the transverse axis
is 1024 and of the vertical axis is 101).
5 Vacuum Energy Density and Cosmological Con-
stants
The vacuum energy density in the AdS4 brane can be calculated by summing up the
zero point energy of dierent massive scalar elds living in the brane. The equation of












































(t; ; ; ) = 0 :
(45)
The equation of motion can be solved exactly by the method of variables separation.
Solutions can be written as follows










Ylm(; ) ; (46)
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where PNI (sin














Legendre functions, and U(), the radial part of the wave function,



































here C is the normalization constant.
The natural boundary condition for PNI (sin(
p−t)) on sin(p−t) = 1 requires










= N2 ; jN j  I :
(48)
The vacuum energy density on AdS4 brane is obtained [33]
hi = 1
82




where EPlanck is the Planck energy.
The relation between the vacuum energy density and the cosmological constant in
















It is reasonable to assume that the current age of Universe times the light speed equals







where H0 is present-day value of the Hubble expansion rate. That is to say,  ’
5:89  10−53m−2. The equations (27) and (28) can be satised very well within the
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interval jyj < 1p
Λ
with the ne-tuned parameters as
 = −4:8710−52m−2 ;  = 0:249 ; V = 1:49910−25 ; d = 4:941027m : (52)
It should be noticed that equations (27) and (28) will be deviated rapidly when jyj ! d.
Here we argue that this area is out of physical concerns, because the radius of the dS
brane world is about 1p
Λ
 1p−  d10 .
The vacuum energy density takes value
hi = 7:66 10−10erg  cm−3 : (53)
The vacuum energy density gotten here is consistent with the astronomical observa-
tions [21, 23, 28, 35, 36].
6 Conclusion and Remarks
The tiny but nonzero cosmological constant has puzzled physicists for near a century.
The recent astronomical observations on supernova [19, 20] and CMB [21] show that
about two third of the world energy is contributed by a small positive cosmological
constant. The most simple cosmology model is an asymptotic dS spacetime which has
been discussed widely in the literature [34-36]. In this paper, we have interpreted the
tiny positive cosmological constant as the curvature of a dS5 brane world.
It is well known that the calculated vacuum energy density by quantum eld the-
ory is much more larger than the possible observed value [28, 29]. Various attempts
have been made in trying to solve the cosmological problem. To the end of getting
a comparable value of vacuum energy density with the astronomical observations, we
have tried to construct a AdS4 brane in the dS5 spacetime. It was shown that a dilaton
eld is needed to get a stable AdS brane solution in the dS5 spacetime. An explicit
relation between the cosmological constants of dS5 spacetime and AdS4 brane has been
obtained. The discrete mass spectrum in AdS4 brane was used to acquire vacuum
energy density. The cosmological constant in the brane world got this way is in the
same order with that of the observed value.
13
Acknowledgement: One of us (Z.C.) would like to thank M. Li, Y. S. Wu and
C. J. Zhu for useful discussion. The work is supported partly by the Natural Science
Foundation of China.
References
[1] L. Randall and R. Sundrum, Phys. Rev. Lett. 83, 3370 (1999).
[2] L. Randall and M. D. Schwartz, Phys. Rev. Lett. 88, 081801 (2002).
[3] N. Arkani-Hamed, S. Dimopoulos and G. Dvali, Phys. lett. B 429, 263 (1998).
[4] L. Randall and R. Sundrum, Phys. Rev. Lett. 83, 4690 (1999).
[5] A. Karch and L. Randall, JHEP 0105, 008 (2001).
[6] A. Karch and L. Randall, Phys. Rev. Lett. 87, 061601 (2001).
[7] I. Brevik, K. Ghoroku, S. D. Odintsov and M. Yahiro, Phys. Rev. D 66, 064016
(2002).
[8] C. Csaki, M. Graesser, C. Kolda and J. Terning, Phys. Lett. B 462, 34 (1999).
[9] J. M. Cline, C. Grojean and G. Servant, Phys. Rev. Lett. 83, 4245 (1999).
[10] S. Nojiri and S. D. Odintsov, JHEP 0112, 033 (2001).
[11] S. Kachru, M. Schulz and E. Silverstein, Phys. Rev. D 62, 045021 (2000).
[12] M. Ito, hep-ph/0206153.
[13] M. Ito, hep-th/0204113.
[14] C. Csaki, M. Graesser, L. Randall and John Terning, Phys. Rev. D 62, 045015
(2000).
[15] K. Koyama, Phys. Rev. D 66, 084003 (2002).
14
[16] S. Kachru, M. Schulz and E. Silverstein, Phys. Rev. D 62, 085003 (2000).
[17] C. Csaki, J. Erlich, C. Grojean and T. J. Hollowood, Nucl. Phys. B 584, 359
(2000).
[18] Z. Chang, S. X. Chen and X. B. Huang, hep-th/0212124.
[19] A. G. Riess et al., Astron. J. 116, 1009 (1998).
[20] S. Perlmutter et al., Astrophys. J. 517, 565 (1999).
[21] P. de Bernardis et al., Nature 404, 955 (2000).
[22] S. Perlmutter, M. S. Turner and M. White, Phys. Rev. Lett. 83, 670 (1999).
[23] I. Zehavi and A. Dekel, Nature 401, 252 (1999).
[24] A. G. Riess, astro-ph/0005229.
[25] A. H. Jae et al., Phys. Rev. Lett. 86, 3475 (2001).
[26] J. H. P. Wu et al., Phys. Rev. Lett. 87, 251303 (2001).
[27] S. Masi et al., Prog. Part. Nucl. Phys. 48, 243 (2002).
[28] S. Weinberg, Rev. Mod. Phys. 61, 1 (1989); S. Weinberg, astro-ph/0005265.
[29] S. M. Carroll, W. H. Press and E. L. Turner, Annu. Rev. Astron. Astrophys. 30,
499 (1992).
[30] D. Langlois, Phys. Rev. D 62, 126012 (2000).
[31] A. Karch and L. Randall, JHEP 0105, 008 (2001).
[32] A. Karch and L. Randall, Phys. Rev. Lett. 87, 061601 (2001).
[33] Z. Chang and X. B. Huang, Phys. Lett. A 297, 320 (2002).
15
[34] Z. Chang, C. B. Guan and H. Y. Guo, Int. J. Mod. Phys. A 18, 1657 (2003).
[35] S. M. Carroll, Living Rev. Rel. 4, 1 (2001).
[36] H. Y. Guo and Z. L. Zou, Commun. Theor. Phys. 1, 237 (1982).
[37] E. Witten, hep-th/0106109.
[38] A. Strominger, JHEP 0110, 034 (2001).
[39] Z. Chang and C. B. Guan, Int. J. Mod. Phys. A 17, 4591 (2002).
16
